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COMPETITION PROBLEMS

Problem 1
a) Calculate the limit

where k£ € N.
b) Calculate the limit

where f : [0,1] — R is a continuous function.
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Solution Answer: f <§> . Proof: Set
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A straightforward calculation (integrating by parts) shows that
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Thus, z(1—x) = m and desired limit is equal to lim L, (f) . Next,
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According to linearity of the integral and of the limit, lim L,(P) = P <§> for every

polynomial P(z).
Finally, fix an arbitrary € > 0. A polynomial P can be chosen such that
|f(z) — P(z)| < € for every x € [0,1]. Then

|L.(f) — Ln(P)| < Ly(|f — P|) < Lp(e - T) = &, where I(z) =1, for every z € [0,1] .
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There exists ng such that

L5~ £ (3)] £ 12t = LacP)l +

which concludes the proof.

Problem 2
Let P be a real polynomial of degree five. Assume that the graph of P has three inflection
points lying on a straight line. Calculate the ratios of the areas of the bounded regions between
this line and the graph of the polynomial P.

Solution Denote the inflection points by A, B, and C. Let [ : y = kx + n be the equation
of the line that passes through them. If B has coordinates (xg, 4o), the affine change

¥=x—x9, Y =kx—y+n

transforms [ into the z-axis, and the point B—into the origin. Then without loss of generality
it is sufficient to consider a fifth-degree polynomial f(x) with points of inflection (b,0), (0,0)
and (a,0), with b < 0 < a. Obviously f”(x) = kx(z — a)(xz — b), hence

k5 k(a+b) , kab
f(a:)—20:17— 1 "+ 6x+ca:+d.
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By substituting the coordinates of the inflection points, we find d =0, a +b =0 and ¢ =
and therefore
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Since f(z) turned out to be an odd function, the figures bounded by its graph and the z-axis
are pairwise equiareal. Two of the figures with unequal areas are

Q:0<z<a, 0<y< flx) szagxga\/g,f(x)gygo.

We find

a
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SQ = S(QQ) = —/ f(l’) dx =
and conclude that Sy : Sy = 81 : 32.
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Problem 3
Let SLy(Z) = {A| Ais a2 x 2 matrix with integer entries and det A = 1}.
a) Find an example of matrices A, B,C' € SLy (Z) such that A> + B* = C?,
b) Show that there do not exist matrices A, B,C' € SLy (Z) such that A* + B* = C*.

Solution a) Yes. Example:

1 1 0 -1 0 -1
a=(Go) o o=(07) ()
b) No. Let us recall that every 2 x 2 matrix A satisfies A% — (trA) A+ (det A) E =0 where
trA=a;; + ass.
Suppose that A, B, C € SLy (Z) and A+ B*=C*. Let a=trA, b=trB, c=trC. Then

A= (aA — E)® = a?4? —20A+ F = (® — 2a) A+ (1 — a?) E and, after same expressions for
B* and C* have been substituted,

(a®>=2a) A+ (b’ —20) B+ (2—a* =0’ ) E= (¢’ —2¢)C+ (1- ) E.
Calculating traces of both sides we obtain a* + b* — 4(a® + b?) = ¢! — 4c¢* — 2, so

a*+b*—c* = —2 ( mod 4). Since for every integer k: k* = 0 ( mod 4) or k* = 1 ( mod 4),
then a and b are odd and c is even. But then a' + b* — 4(a? + b*) = 2 ( mod 8) and

* —4c* — 2= —2 ( mod 8) which is a contradiction.
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Problem 4
Given the real numbers ay, as, ..., a, and by, by, ..., b, we define the n x n matrices A = (a;;)

and B = (b”) by

1, if Q5 > 0,

0. if ay <0, for all 4,7 € {1,2,...,n}.

aij = a; — bj and bz’j = {

Consider C' = (¢;;) a matrix of the same order with elements 0 and 1 such that

ibi]’ = icij, 1 € {1,2,...,”} and ibz] = icij, j S {1,2,...,%}.
j=1 j=1 i=1 i=1

Show that: .
a) Z aij(bij — Ci]’) =0 and B=C.
ij=1
b) B is invertible if and only if there exists two permutations o and 7 of the set {1,2,...,n}
such that
br1) < ao(1) < br2) < Ao2) < -0 < o(n-1) < brn) < Ao(n)-
Solution

(a) We have that
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1,j=1 i=1 j=1 =1



We study the sign of a;;(b;; — ¢i;).

If a; 2 bj, then Qi Z 0, bij =1 and Cij S {O, 1}, hence aij(bij — Cij) Z 0.
If a; < bj, then i < O, bij =0 and Cij € {O, 1}, hence aij(bij — Cij) > 0.
Using (1), the conclusion is that
aij(bij _Cij) = 0, for all ’l,j € {1,2,...,%}. (2)

If a;; # 0, then b;; = ¢;;. If a;; = 0, then b;; = 1 > ¢;;. Hence, b;; > ¢;; for all 4,5 €

{1,2,...,n} and since » 7', by = > 7', cij the final conclusion is that

bij = Cij, for all Z,j S {]_,2, cu ,TL}.

(b) We may assume that a; < as < ... < a, and b; < by < ... < b, since any permutation of
ai, as, ..., a, permutes the lines of B and any permutation of by, bo, . .., b, permutes the columns
of B, which does not change whether B is invertible or not.

e [f there exists ¢ such that a; = a;,1, then the lines ¢ and ¢ + 1 in B are equal, so B is not
invertible. In the same way, if there exists j such b; = b;11, then the columns j and j + 1
are equal, so B is not invertible.

o If there exists ¢ such that there is no b; with a; < b; < @41, then the lines ¢ and 7 4 1 in
B are equal, so B is not invertible. In the same way, if there exists j such that there is
no a; with b; < a; < b;41, then the columns j and j 4 1 are equal, so B is not invertible.

o If a; < by, then a; < b; for any j € {1,2,...,n}, which means that the first line of B has
only zero elements, hence B is not invertible.

Therefore, if B is invertible, then aq,as, ..., a, and by, bs, ..., b, separate each other
bl§a1<b2§a2<...§an_1<bn§an. (3)

It is easy to check that if (3), then

1 00 0
1 10 0
B=1|111 0
1 11 1
which is, obviously, invertible.
Concluding, B is invertible if and only if there exists a permutation a;,,a,,...,a;, of
ai, s, . ..,a, and a permutation b;,bj,,...,b;, of bi,bs,..., b, such that

bjl < a;; < bj2 < Ay < ... < a;, , < bjn < a;,, -



